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Abstract. Using Moriwaki's calculation of the Q-Picard group for the moduli 
space of curves, I prove the strong Franchetta Conjecture in all characteristics. 
That is, the canonical class generates the group of rational points on the Picard 
scheme for the generic curve of genus g > 3. Similar results hold for generic 
pointed curves. Moreover, I show that Hilbert's Irreducibility Theorem implies 
that there are many other nonclosed points in the moduli space of curves with 
such properties. 
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Introduction 

Let Mg be the coarse moduli space of smooth curves of genus 5 > 3 over an 
arbitrary ground field k. Deligne and Mumford j8j showed that Mg is an irreducible 

algebraic scheme. Let 77 S Mg its the generic point and C — Mg^i — > Mg the 



tautological curve. The generic fiber is a smooth curve of genus g over the 
function field k(?7) of the moduli space Mg. We call it the generic curve. 

Franchetta JOI conjectured Pic(Cj,) = ZKc^. Arbarello and Cornalba |2| proved 
it over the complex numbers using Harer's calculation 26 of the second homology 
for the mapping class group of Riemann surfaces. The latter is a purely topological 
result. Later, Arbarello and Cornalba |3| gave an algebro-geometric proof over the 
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complex numbers. Mestrano 37^ and Kouvidakis |33j deduced the strong Franchetta 
Conjecture over C, which states that the rational points in the Picard scheme 
Picc^/ri E^re precisely the multiples of the canonical class. 

The first goal of this paper is to give an algebraic proof for the strong Franchetta 
Conjecture in all characteristics p > 0. The idea is to construct special stable 
curves showing that any divisor class violating Franchetta's Conjecture must be 
nontorsion. Having this, we use Moriwaki's calculation of Pic(Mg.„+i) (X> Q 
in characteristic p > to infer the strong Franchetta Conjecture. I also prove the 
Franchetta Conjecture for generic pointed curves: Their Picard groups are freely 
generated by the canonical class and the marked points. Actually, I use the pointed 
case as an essential step in the proof for the unpointed case. 

The second goal of this paper is to show that there are many other nonclosed 
points X G Mg n such that the marked points and the canonical class generates 
Pic(Ca;), at least up to torsion. This seems to be new even in characteristic zero. 
We shall see that over uncountable ground fields, there is an uncountable dense 
set of such points with dim{a:} < 2. This relies on Hilbert's Irreducibility Theorem 
for function fields. The idea is to view C,, as the generic fiber of some fibered 
surface Y, extend this to a family of fibered surfaces 2) — > S*, and apply Hilbert's 
Irreducibility Theorem and the Tate-Shioda Formula to the resulting family of 
Neron-Severi scheme s i— > NS(2)s). Such specialization arguments are problematic 
in characteristic p > 0, because ungeometric properties like regularity behave badly 
in families. However, we overcome these difficulties by using the theory of geometric 
unibranch singularities. 

Here is a plan for the paper. The first section contains some general facts on 
curves, Picard schemes, and moduli spaces. In Section 2 we examine curves of com- 
pact type and ordinary abelian varieties. In Section 3 we prove that the Mordell- 
Weil group of the generic Jacobian is torsion free. This result is further improved 
in Section 4. Section 5 contains the proof for the strong Franchetta Conjecture. As 
an application I deduce in Section 6 that the generic curve in characteristic p — 2 
does not admit a tamely ramified morphism to the projective line. In Section 7 we 
construct an explicit stable curve X of genus g over the rational function field F so 
that the Pic^/^-torsor Pic^^^ has order 2(7 — 2 in the Weil-Chatelet group. 

The next two sections contain some general result on schemes: In Section 8, we 
show that geometrically unibranch schemes are good substitutes for normal schemes 
in characteristic p > 0. In Section 9 we use Hilbert's Irreducibility Theorem, which 
comes from Galois theory, to study Picard numbers in families of proper schemes. 
We shall apply these results in Section 10: There we first construct fibered surfaces 
with small Picard numbers over transcendental extension fields. Specializing them, 
we show that there are many nonclosed points x € Mg^n such that T'ic{Cx) has the 
same rank as Pic(C,j). The last section contains a list of open problems. 
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of Mathematics in Toronto. I am grateful to these institutes for their hospitality. 
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1. Preliminaries 

Let us collect some well-known facts on algebraic curves and their Picard schemes. 
Throughout this paper we fix an arbitrary ground field k of characteristic p > 0. 
We will, however, also deal with algebraic schemes over extension fields k C F. A 
curve over F is a proper 1-dimensional i^-scheme X with F — H'^{X, Ox)- Each 
curve comes along with its Picard scheme Picx/Fi which is a smooth group scheme 
of finite type. We denote by Pic{X/F) = Picx/F{F) its group of rational points. If 
X contains a rational point, this is nothing but the Picard group of X. In general 
we have an exact sequence 

— > Pic(X) — > Pic{X/F) — > Br(F) — > Bt{X), 

where Br(F) is the Brauer group (EH, Corollary 5.3). Tsen's Theorem implies the 
following (compare [22j, Theorem 1.1): 

Lemma 1.1. Suppose that k is algebraically closed and that F is the function field 
of a smooth algebraic curve over k. Then Pic(X) — Pic{X / F) . 

Note that we do not loose rational points by passing to field extensions: 

Lemma 1.2. Let F C F' be a field extension, and X' — X ®f F' the induced 
curve. Then the canonical map Pic{X/F) — > Pic{X' / F') is infective. 

Proof. We have P\Cx'/f' = Picx/F®-?"; hence the fiber over the rational point 
G Picx/F is nothing but the rational point G Picx' /f' ■ ^ 

Let PkPx/F C P'lCx/F be the connected component of the origin. Equivalently, 
PicPxfp is the subgroup scheme given by numerically trivial line bundles. We some- 
times write J = Pic^x/F ^^'^ '^^'ll it the Jacobian of X. If X is geometrically 
irreducible, the invertible sheaves of degree d comprise the other connected compo- 
nent Picx^p C Picx/F- These are torsors under the group scheme Pic^^^, in other 
words, elements of the Weil-Chdtelet group i/^(fc, Pic^^j?). Here cohomology is 
with respect to the fppf topology. However, etale cohomology gives the same result 
because Pic'^^^ is smooth (|121i Theorem 11.7). The torsor Pic^^^ is trivial if and 
only if it contains a rational point. If Pic'^/p is an abelian variety, Pic^ {X / F) is 
also called the Mordell-Weil group. 

Given an integer g > 3, let Mg be the coarse moduli space of smooth curves of 
genus g over k. Mumford 0J showed that this is an algebraic fc-scheme. Moreover, 
Deligne and Mumford [S] proved that Mg is irreducible. If k is algebraically closed, 
its closed points correspond to isomorphism classes of smooth curves over k. In 
any case, the coarse moduli space C = Mg i of pointed smooth curves defines a 
tautological family of curves C — > Mg. 

We call Crj the generic curve of genus g, where rj e Mg is the generic point. This 
is justified as follows: Let F be an algebraic closure of the function field F = k{t]), 
and X a smooth curve of genus g over F corresponding to the geometric point 
Spec(i^) Mg. Then Cn®F F ~ X/Aut(X). However, the generic curve of 
genus g > 3 has trivial automorphism group (see 03] for an algebraic proof). So 
the generic curve C,, is indeed a smooth curve of genus g over the function field 
F — k{ri). In contrast, the generic curve in genus two is the the projective line. 

As often, it will be important to consider stable pointed curves of genus g > 3 as 
well. Over an algebraically closed field, stability means that X has only ordinary 
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double points, and each smooth rational component contains either two double 
points, or two marked points, or a double points and a marked point. Such curves 
form a coarse moduli space Mg_„, which is irreducible and projective. Here g is 
the (arithmetic) genus, and n is the number of marked points Xi & X. We also 
have a tautological family tt : M g_n+i — > ^ g,n sending an [n + l)-pointed stable 
curve {X, xi, . . . , Xn+i) to the n-pointed stable curve {X' , x'l, . . . , x'^) obtained by 
forgetting the last marked point and contracting the possibly occurring rational 
component in {X, a;i, . . . , Xn) violating stability. 

Let r]n G Mg,n be the generic point and C = Mg^n+i the tautological family of 
curves. The generic fiber C,,^ is a smooth curve of genus g, which is endowed with 
marked rational points ci, . . . , c„ £ C^„. We call Crj„ the generic n-pointed curve 
of genus g. 

2. Curves of compact type 

Let fc C F be a field extension. A stable curve X over F is called of compact 
type if Pic^^p is an abelian variety. Equivalently, the map Pic'^^y^ — > Pic^^^^ 

induced by the normalization X X is injective. If F is algebraically closed, 
the condition means that the irreducible components Xi C X are smooth, and the 
configuration of the Xi is tree-like (0, Chapter 9, Proposition 10). Such curves 
have nice properties: 

Lemma 2.1. Let F d F' be a purely transcendental field extension, X a stable 
curve over F, and X' ^ X ® F' the induced curve. If X is of compact type, then 
the preimage map Pic(X) Pic(X') is bijective. 

Proof. By the usual limit argument (JHI) Theorem 8.5.2), we may assume that F' 
is finitely generated. Applying induction, we reduce to the case trdeg(F') — 1. 
Now we may view F' as the function field of Fp. 

The task is to check that Pic(Ar) Pic{X') is surjective. First we do the 
special case that X is smooth. Then X x Fp is factorial, so the restriction map 
Pic(X X F],) ^ Pic(X') is surjective. Using Pic{X x P],) = Pic(X) ® Z we deduce 
that Pic{X) Pic(X') is surjective as well. 

Now suppose X is arbitrary, and let X —^ X be the normalization. The maps 
Pic(A') — > Pic(A') and Pic(A'') Pic(A"') are bijective, because X is of compact 
type. Applying the preceding special case to X, we infer that Pic(A') Pic(A"') is 
surjective. □ 

Recall that, in characteristic p > 0, an abelian variety A over F has a p-rank f 
defined by B.om{fip,A ^ F) — (Z/pZ)^ . The abelian variety is called ordinary if 
/ = dim(A). This condition means that the group of geometric p-torsion points in 
A{F) is as large as possible, namely (Z/pZ)'^™'"^'. In characteristic zero, abelian 
varieties are ordinary by definition. The following specialization result will play a 
role in the sequel: 

Lemma 2.2. Suppose B is a discrete valuation ring with residue field F and field of 
fractions Q. Let Z — s- Spec(J5) be a relative stable curve such that Zq is of compact 
type and Pic^^^^ is ordinary. If Pic'^ (Zq / F) is torsion free, then Pic^{Zj^/Q) is 
torsion free as well. 

Proof. Consider the relative generalized Jacobian J — Pic% . This is a separated 
group scheme of finite type over B by (H), Proposition 3.4. It is an abelian scheme 
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because Zq is of compact type. Let J [to] be the relative kernel of the multiplication 
map [to] : J ~> J. Then J[to] is a finite flat group scheme over B whose fibers have 
length m^^, where g is the genus of Zq. 

We claim that J[m]{Q) = 0. Indeed, suppose we have a point x G J[m]{Q). We 
now assume that the characteristic p > is positive, the case p = being similar. 
Decompose to = Iq, where / is prime to p, and q is a power of p. By construction, 
the geometric closed fiber of J[m] is isomorphic to (Z/ZZ)^^ © (Z/qZ)^ © /i^, where 
fiq is the local group scheme of q-th roots of unity (here we use that Jo is ordinary). 
The same holds for all geometric fibers, because the number of geometric connected 
components is lower semicontinous in proper flat families ( 17 , Proposition 15.5.9). 
By Proposition 15.5.1, each of the P^q^ geometric points in the closed fiber 
extend to disjoint sections over the strict henselization B C B^^, which defines Z^^g^ 
different geometric points over the generic fiber. It now follows from |23j . Expose 
VIII, Theorem 4.1 that the closure {x} C J[to] is disjoint from the zero section, 
hence the specialization map J[m]{Q) — s- J[m\{F) is injective. Since J{F) is torsion 
free we have J[m]{Q) = 0. □ 

3. Torsion points 

Fix an integer n > and a genus g > 3. Let be the generic 7i-pointed curve 
of genus g. In this section we take care of torsion points: 

Proposition 3.1. The group Pic''(C^„/77„) is torsion free. 

The proof requires some preparation. First note that by Lemma 11.21 we may 
replace the ground field k by any extension field. For the rest of the section, we 
assume that k is algebraically closed, and write F — k{T) for the rational function 
field in one indeterminate. 

Proposition 3.2. There is an ordinary elliptic curve E over the rational function 
field F satisfying Vic^{E) = 0. 

Proof. The idea is to use special Halphen pencils. Fix an ordinary elliptic curve 
over k. Such a curve exists because there are only finitely many supersingular 
elliptic curves (|2Z1, Chapter IV, Corollary 4.23). Let x € E^) he the origin and 
consider the closed embedding E^ C defined via OEoi'ix) ~ ©^^(l). 

Lines and quadrics in are uniquely determined by their intersection with the 
cubic i?o, because the restriction maps i/°(P^, Cp2 (n)) — * _ff'^(£'o, 0_Eo(3nx)) are 
bijective for n = 1,2. Let L C P^. be the unique line with L D Eq — 3x. Setting 
Eoo = 3L, we have Eq D Eoo = 9x. Consider the pencil of cubics Et, t G P^ 
generated by Eq and £'oo- Then Ft is integral for t ^ oo. Indeed, any quadric 
Q C Et satisfies Q Ci Eo ^ 6x, hence Q ~ 2L. Moreover, any line H C Ft has 
H CiEq = 3x, hence H = L. 

Now let : y — > P^ be the blowing-up of the nonrcduced center Eq n Eoo, and 
f':Y'^ pi ^j^Q induced fibration. The Jacobian of the generic fiber Y^^ is the 
desired elhptic curve E. To see this, note that i?' = (7'~^(i?o nE'oo) is isomorphic to 
the projective line over the Artin algebra k\v\l(v'^\ A local computation as in |4(J| . 
page 417 reveals that Y' is smooth except for a rational double point y' G Y' of 
type lying on i?'. Let F — > F' be the minimal resolution of this singularity. Its 
exceptional locus is a string of eight smooth rational (— 2)-curves. If follows that 
the strict transform i? C F of is a smooth rational (— l)-curve. 
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Let / : y ^ Pj. be the induced fibration and consider its generic fiber Yrj. We 
now check that R generates Pic(y,,). Indeed, the restriction map Pic(y) Pic(y^) 
is surjective, and Pic(y) is generated by the exceptional curves for the sequence of 
blowing ups g : y — > P| and g*{L). The strict transform of L is disjoint from 1"^, 
because the strict transform of iL is disjoint from y,,, and we conclude that the 
restriction of f*{L) to Y^i is a multiple of R. 

Summing up, the Jacobian E = Picy^/^ contains no rational point but the origin. 
Then Pic°(£') = 0, because E is isomorphic to its own Jacobian. To see that the 
elliptic curve E is ordinary, look at the relative Jacobian of / : F near G Pj,. 

Its closed fiber Eq is ordinary. Since this is an open condition, the generic fiber E 
is ordinary as well. □ 

Remark 3.3. (i) The rational double point y' G Y' maps to cxd G P^. To see this, 
write 0^2 J. — k[[u, v]] so that £^o, L correspond to m = and v'^ — u, respec- 
tively. Then Oy, y, = k[[u,v,w\]/{uw = v^). You easily check that the equation 
v'^ = u remains indecomposable inside fc[[u, v, w]]/ (uw — w^). This equation defines 
the preimage g'*{L) C Y', which decomposes as a Weil divisor into two irreducible 
components. So the strict transform of L in not Cartier, hence passes through the 
singular point y' G Y' . 

(ii) The degenerate fiber Xoc C X is of type II* in Kodaira's notation, that is, 
it corresponds to the root lattice Es- To see this, note that the string of eight 
(— 2)-curves in Xoo hits the strict transform of L in precisely one point. Moreover, 
the strict transform is not a (— l)-curve, because the intersection form on X^o is 
negative semidefinite. Glancing at Kodaira's classification {WD, Theorem 6.2), we 
deduce that Xoo must be of type II*. 

Next, we construct a stable curve X of genus g over the rational function field 
F = k{T) as follows: Let Ei, . . . ,Eg be copies of the elliptic curve E from Proposi- 
tion l3.2l and choose rational points pi, . . . ,pg G Fp. Let X = EiU . . .U Eg UFp be 
the curve obtained by identifying the rational point pi G with the origins ^ Ei 
for i — 1, . . . ,g. This curve is stable because g > 3. Note that we may view it as 
an n-pointed curve, simply by choosing rational points in the rational component. 
The curve X has the following properties: 

Proposition 3.4. The curve X is of compact type, the abelian variety Pic^^p is 
ordinary, and its Mordell-Weil group is Pic'^(X) = 0. 

Proof. The normalization X ^ X is the disjoint union of g copies of E and 
a projective line. The canonical map Pic^/F ~^ ^'^'^x/f isomorphism, so 

Vic^fp = E X . . . X E, and the result follows. □ 

Proof of Proposition EH' Let X = Ei U ... U Eg U F], he the stable curve of 
genus g over the rational function field F = k{T) constructed above. Pick n rational 
points G X contained in the rational component Vp and disjoint from the elliptic 
components Ei. Let 2) Spf(A) be the formal versal deformation of the n-pointed 
stable curve X. Then A is a formal power series ring in — 3 + n variables with 
coefficients in F. Since H'^{X,Ox) — 0, we may extend any ample invertible Ox- 
module to an invertible Oaj-module. By Grothendieck's Algebraization Theorem 
(jnii Theorem 5.4.5), the formal scheme 2) is the formal completion of a relative 
curve Y — > Spec(yl). 
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Blowing up the closed point in Spec(^) and localizing at the generic point of the 
exceptional divisor, we obtain a discrete valuation ring B dominating A. Its field 
of fractions i? C Q is also the field of fractions for A. The residue field Bq = B /ms 
is a purely transcendental field extension of F. Let Z Spec(i?) be the induced 
family of stable curves. 

The classifying map Spec(i?) — > Mg^n is dominant. Hence Zq = C^^ ® Q, which 
induces an injection Pic(C,,„) C Pic(ZQ). We have Pic*'(Zo) = by construction, 
so Lemma IT^ applies . and we conclude that the group Pic°(ZQ) is torsion free. □ 

4. Another stable curve 

We keep the notation from the previous section, such that is the generic n- 
pointed curve of genus g. Let ci, . . . , c„ G be the marked points, and consider 
the free abelian group P = Zci © ... © Zc„ © ZKq^^ ■ The following is a key step 
in proving Franchetta's Conjecture: 

Proposition 4.1. The cokernel for the map P — > Pic(C.,,„) is torsion free. 

This again depends on the existence of certain elliptic curves over function fields. 
Let F = k{T) be the rational function field, and E the ordinary elliptic curve with 
Pic°(£') = from Proposition 1X1 

Proposition 4.2. For each to > there is a field extension F <Z F' such that 
E' = E®F' satisfies Vic^{E') = Z®* for some t > m. 

Proof. The case to = is trivial. We proceed by induction on to. Suppose we 
already have a field extension F' such that Pic''(ii^') = Z®* with t > m. Choose 
a basis pi, . . . ,pt & Pic"(i?'). Let x G E' he the origin, and Xi G E' the rational 
points with x — Xi Pi. 

Now let A be the henselization of the localized polynomial algebra i^'[J7]((7), and 
consider the trivial family Y = E' (S) A. Let S, Si C Y be the sections corresponding 
to the rational points x,Xi G E'. Let u,v G Oy,x be the regular parameter system 
corresponding to 10,5 C Replacing w by a different parameter w', we obtain, 
locally around x, a curve S' ^ S with S" n Fq = {x}- According to [3, Theorem 
18.5.11, this locally defined curve S' defines a section S'f+i C Y passing through x 
with St+i 7^ S. Then the difference S—St+i defines a nonzero point pt+i G Pic^(lr;) 
specializing to zero in Pic'^(yo)- It follows that any nonzero multiple of pt+i lies 
outside the span of the pi, . . . 

Next, choose a subalgebra B C A that is a localization of a finite F'[U](^i/y 
algebra at some F'-valued etale point, so that the section St+i is defined over B. 
Let F" be the function field of B and set E" = E ® F" . Then Vic^{E") is torsion 
free according to Proposition l2.2l By construction, it contains a free group of rank 
t+l. 

It remains to check that Pic°(i?") is finitely generated. Let C be the normal 
curve over F' corresponding to the function field and consider the regular 
proper surface X — E' x C. Then Pic*^^^, — Pic^,y^, x PicQ^p,, and the Neron- 
Severi group NS(X) = Picx/f' /Picx/_F' is finitely generated. Now view E" as the 
generic fiber for the projection X ^ C. The cokernel Pic°(i?")/ Pic"(i?') injects 
into NS(X), and we conclude that Pic°(i?") is finitely generated. □ 

Remark 4.3. The proof shows that we may choose F C -F' as a finitely generated 
separable field extension of transcendence degree < to. 
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We now use such elliptic curves to construct a geometrically integral n-pointed 
stable curve of genus g. Choose a field extension F G F' so that Pic"(i?') = Z®* 
for some t > 2g — 2 + n. Pick 2g — 2 + n rational points 

Pi, Pi, • ■ ■ ,Pg-l,p'g-l,Xl, ...,Xn£E' 

which are part of a basis for Pic(£"). Let X be the stable curve of genus g obtained 
by identifying the pairs Pi,_p- & E' for i = 1, ... ,5 — 1. The rational points Xi £ E' 
define n rational points Xi ^ X , which we denote by the same letter. The canonical 
morphism h' : E' —> X is the normalization map for X. 

Proposition 4.4. We have v*{Kx) = X]f=i(Pj +Pj)- 

Proof. This follows from duality theory for the finite morphism v : E' ^ X . See, 
for example, @3|, Proposition 2.3. □ 

Proof of Proposition Let X be the n-pointed stable curve of genus g over 
the function field F' constructed above. As in the proof of Proposition 13.11 we 
construct a discrete valuation ring B and a stable curve Z — >• Spec(i?) with regular 
total space such that the following holds: (i) The residue field Bq = B/ms is a 
purely transcendental field extension of F' , and the closed fiber \s Z^) ~ X ® B^. 
(ii) li B d Q denotes the function field, then the classifying map Spec(Q) — > Mg^n 
is dominant. 

Now suppose we have a class L £ Pic(Cr,„) such that mL G P for some m ^ 0. 
Write mL = XKc + J2 ^i'^i fo'^ certain coefficients A, G Z. The task is to prove 
L ^ P. Using the field extension k(77„) C Q, we obtain a class Lq G Pic(ZQ). It 
extends to a divisor D G Div(Z), and we have 

n 

mD = \Kz/B + ^hC^ 

i=l 

in Pic(Z), where Ci C Z are the marked sections. This is because the divisor 
Zq, being an integral fiber, supports only principal divisors. Pulling back to the 
normalization Zq ^ E (g) Bq oi the closed fiber Zq, we obtain 

g-l n 

in Pic(£' ® Bq). Since the pj +p'j,Xi are part of a basis for Pic(i? (g) Bq) by Lemma 
12.11 all coefficients A, A; are multiples of m. Replacing L by L— —Kq^^ —Ci, we 
reduce to the case that mL = 0. Then i = by Proposition l3.1l and in particular 

Le P. □ 



5. The strong Franchetta Conjecture 
We come to the first main result of this paper: 

Theorem 5.1. Let k be a field, and g > S and n > be integers. Let ?]„ G Mg^n 
the generic point in the moduli space of n-pointed stable curves of genus i? > 3, and 
C = Mg^n+i the tautological curve. Then the marked points ci, . . . ,c„ G and 
the canonical class Kc^^ freely generate Pic{Cjj^/rin). 
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Before we prove this, let us recall the definition of certain tautological classes 
in Pic(Mg_„) ® Q. Let n : Mg^n+i — > Mg^n be the projection sending an (n + 1)- 
pointed stable curve (X, xi, . . . , Xn+i) to the n-pointed stable curve {X' , x'^, . . . , x'^) 
obtained by contracting any component in (X, xi, . . . ,x„) violating stability. The 
Hodge class X G Pic(Afg_„) (8) Q is defined as the determinant of 7r,(cL;^), where 

= +i/Ji relative dualizing sheaf. 

We also have canonical sections Si : Mg^n Mg^n+i for i = l,...,n as fol- 
lows. These morphisms are best described on geometric points: The section Si 
sends an n-pointed stable curve {X', x[, . . . ,x'n) to the {n + l)-pointed stable curve 
{X, Xi, . . . , Xn+i) defined as follows: We have X = X'UP^, where the point x'^ G X' 
is identified with oo e P^. The marked points are Xi ^ E , a;„+i = 1 G P^, 
and Xj = x'j for j ^ i. The Witten classes ipi G Pic(Afg^„) ® Q are defined as 
A = s*iuj^). _ 

There are also boundary classes Sv G Pic(Mg^„) O Q, which are effective Weil 
divisors supported on Mg^i — Mg.„. They correspond to various topological types 
of degeneration. The idea now is to restrict tautological classes on Afg_„+i to the 
generic curve C,,„ C Mg.„+i. 

Proposition 5.2. The subgroup P C Pic(C^,J generated by the marked sections 
and the canonical class contains the restriction of the tautological classes. 

Proof. First note that geometric points c in the generic n-pointed curve Crjjj^ corre- 
spond to (n + f )-pointed stable curves {X, xi, . . . , Xn+i). The curve X is smooth 
if c is not a marked point. On the other hand, if c = q is a marked point, then 
X — X' L)¥^ with Xi, Xn+i G P^. It now follows immediately from their definitions 
in 39^, Section 1 that the restrictions Sy\cn„ of the boundary classes are supported 
by the marked points Ci G C^^ . 

How do Hodge classes and Witten classes restrict to the generic pointed curve? 
To see this, note that the fiber product C,,„ Xjj M g^n+2 is isomorphic to the 
blowing up of Crj„ x^^ C^^^ with respect to the centers (ci,Ci) for i = l,...,n. 
This also follows from the modular interpretation of geometric points in Mg^n+i- 
Indeed, the marked points q G C^„, i — 1, . . . ,n correspond to reducible stable 
curves of the form {X' U P^, xi, . . . , Xn+i) with Xi, Xn+i G P^, and the exceptional 
curve in the blowing up of (q, G x^^ C,,^ is given by (n -I- 2)-pointed stable 
curves {X' U P"'^, xi, . . . , x„+2) with Xi, Xn+i,Xn+2 ■ As a consequence we have 
A|c^„ = 0, and ^i|c^„ = q for i = 1, . . . , n, and V'n+i|c,„. = Kc^^ • □ 

Proof of Theorem \5.1\ Set P = Zci ® . . . © Zc„ © "LKq^^ ■ The canonical map 
P Pic(C,,,J is injective. Indeed, this is clear for n = 0. In case n 0, we have 
Pic(C,,„) = Pic(C,,„/77„), and it suffices to construct an 7i-pointed stable curve X of 
genus g where the marked points and the canonical class are linearly independent. 
We constructed such a curve in Sectional 

The task is to prove surjectivity. Fix a point L G Pic'^(C,,,^/?7„). Having only 
quotient singularities, the normal scheme Mg^n+i is Q-factorial. Hence some mul- 
tiple mL with m > extends to a Cartier divisor class D on Mg_„+i- According 
to 1211, Theorem 5.1, we have D ^ aX + J2i=i ^i'^i + '^v^v for certain integral 
coefficients, at least after replacing m by a multiple. Recall that A is the Hodge 
class, Xi are the Witten classes, and Sy are the boundary classes. Restricting to the 
generic curve and using Proposition we infer mL G P. 
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We now distinguish three case. First, suppose n > 1. Then Pic(C,,,J = 
Pic{Crf^/rin), and Proposition 14.11 imphes L € P. Second, suppose ti = and 
d = 0. Then there are only the two tautological classes A and -01 besides the 
boundary classes. The equation 

n+l 

■ml = (aA + ^ + X! 

i—l V 

boils down to mL — biKc and therefore mL = 0. Now Proposition 13 . II ensures 

So only the case n = and d remains. Now we argue as follows: The 
PiCp^/,j-torsor Pic^^^^ contains both {2g — 2)L and dKc^ ■ These rational points 
differ by a point in Pic"(C,,/r/) ~ 0, so {2g — 2)L = dKc^- In other word, i is a 
rational multiple of Kq^- Now consider the affine surjection (7,,^ C,-i defined on 
geometric points by (X, xi,X2) > {X, X2)- We already saw that the canonical class 
-K^c^j G Pic(C^j) is a primitive element. Since Pic(C^/r/) — > Pic(C^j) is injective, 
the canonical class K^, G Pic(C,,/?7) is primitive as well, and we infer that L is an 
integral multiple of Kc,^ ■ □ 

Remark 5.3. By definition, the generic curves C,,,^ with n > 1 contain a rational 
point, hence Pic(C,,„) = Pic(C,,„/ry„). So a priori there is no difference between 
weak and strong Franchetta Conjectures. 

Remark 5.4. Moriwaki's calculation 13^ of Pic(Mg^„)(8)Q depends on the existence 
of certain simply connected coverings of Mg^„ due to Looijenga j36j . Pikaart and 
de Jong 1221 1 and Boggi and Pikaart 

To my knowledge, the group Pic(Mg^„) itself has not been calculate yet, neither 
in characteristic zero nor in positive characteristics. 

6. Application to tame coverings 

Let me give an application of the Strong Franchetta Conjecture to tame cov- 
erings. Belyi's Theorem ^ states that a complex curve is defined over a number 
field if and only if it admits a map to P^. with at most three branch points. Fulton 
showed that any smooth curve X over a separably closed field of characteristic p ^2 
admits a branched covering X with tame ramification (2S|> Proposition 8.1). 

Sai'di used this to prove an analog of Belyi's Theorem in odd characteristics: A 
smooth curve X over an algebraically closed field of characteristic p > 2 is defined 
over a finite field if and only if it is a tamely ramified covering of with at most 
three branch points Theorem 5.6). It is unknown to what extent these facts 

hold true in characteristic p = 2. We have the following negative result for the 
generic n-pointed curve C,,„ of genus .g > 3: 

Theorem 6.1. Suppose the ground field k has characteristic p ~ 2. Then any 
finite separable morphism f : P^^ has wild ramification. 

Proof. Suppose on the contrary that / : C^^ — s- P,^^^^ has only tame ramification. 
This means that, over the algebraic closure, every ramification point has odd ram- 
ification index. 

Clearly, this implies that for all ramification points x S , say with image 
y G P^^, the field extension C k{x) is separable. Moreover, the localization of 
the fiber f~^^{y) at x is of the form dx for some odd integer d > 2. In turn, the 



STRONG FRANCHETTA CONJECTURE 



11 



relative canonical class Kq^^/pi^ — ^{d~ l)x is 2-divisible. The same holds for the 
canonical class of P^^ . Consequently Kc^^ is 2-divisible, contradicting Theorem 

o " □ 

Remark 6.2. The proof actually shows that / : Cri„ X has wild ramification 
if X is any curve whose canonical class is 2-divisible in the Picard scheme. The 
choice of an L G Pic(X/?7„) with 2L = Kx is sometimes called a spin structure or 
theta characteristic, compare 1 , Chapter VI, Appendix B. 

Remark 6.3. Consider the unique supersingular elliptic curve E in characteristic 
p = 2, which has Weierstrass equation -\- y = and invariant j{E) = 0. Its 
automorphism group is a semidirect product of 'L/Z'L and the quaternion group 
{±1, ±1, ±j, ±fc}. Therefore, this curve even admits a Galois covering / : i? ^ 
of degree d = 3, which has three ramification points, all of ramification index e = 3. 
Amusingly, this is the only elliptic curve in characteristic p — 2 for which the 
existence of a tamely ramified function is a priori clear. 

It seems to be open whether a given smooth curve X in characteristic p > has 
a morphism / : AT — > P^ whose ramification indices e > 2 are all odd. For example, 
we may ask this for the generic elliptic curve E over Q(j), which has Weierstrass 
equation 

, o 1728 1 

^" + "^^ = "' -J-T728" "7^1728 
and invariant j{E) = j. We can say at least the following: 

Proposition 6.4. There is a finite field extension Q{j) C F and a morphism 
f : E ® F P]^, of degree d — 4, with four ramification points, all with ramification 
index e — 3. 

Proof. Let € ^ 5 be the universal elliptic curve over the punctured j-line S — Aq — 
{0,1728}. Consider the subschcmc U C Hom((£,P^) of the relative Horn-scheme 
that parametrizes morphisms — > P^ of degree d = 4 with four ramification 
points, all with index e = 3. It follows from ^2], Theorem 1, that the projection 
pr : [/ ^ 5 is dominant. Then the generic fiber pr~^(77) C U contains a closed point 
u, and the residue field F — k{u) is the desired finite field extension of Q(j). □ 

7. A STABLE CURVE WITH MAXIMAL INDEX 

Recall that the index ind(A") G Z of a proper curve X over an arbitrary field 
F is the positive generator for the image of the degree map Pic(A'/F) ^ Z. li X 
is geometrically integral, ind(A') is also the order of Pic^/F the Weil-Chatelet 

group i/i(^,PicV)- 

The index of a stable curve of genus g is a divisor of 2g — 2, because there is 
always the canonical class. It follows from Theorem 15 . 1 1 that the generic curve has 
maximal index ind(C^) = 2g — 2. It would be interesting to construct special curves 
with maximal index over fields of smaller transcendence degree. I do not know how 
to achieve this with smooth curves. The goal of this section is to produce an explicit 
stable curve with maximal index. 

Throughout, we assume that our ground field k is algebraically closed, and let 
F — k{T) be the rational function field. Note that, in our situation, we have 
ViciX/F) = Pic(X) by Lemma O 
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Proposition 7.1. For each integer d > there is a smooth curve Y of genus one 
over the rational function field F with ind(y) = d. 

Proof. Let F C F' be a cyclic field extension of degree d, say with Galois group 
G Z/dZ. Choose an elliptic curve E over F containing a rational point x ^ E 
of order d. Let T C Aut(i?) be the cyclic subgroup of order d generated by the 
translation Tj.(e) = e + x. 

Set E' = E®fF'. Then 5 € G acts on kxit[E' /F') via 1-^ gH'^- This action 
fixes the subgroup T pointwise, because x & E \s a. rational point. We get 



The latter identification depends on the choice of a generator G G. The inclusion 
T C kni{E'/F') gives an inclusion H^{G,T) C H^{G, knt{E' / F')). As explained 
in Chapter II, §1, Proposition 5, the set {G, Aut{E' / F')) may be viewed as 
the set of isomorphism classes of twisted forms Y oi E whose preimage Y' = Y (S) F' 
is isomorphic to E' . Indeed, Y is the quotient of E' by the G-action g o Zg, where 
Zg e Z^(G, Aut(£"/F')) is a cocycle representing a given cohomology class. 

Now choose the generator go i— > of H^{G,T) and consider the corresponding 
twisted form Y of E. Then ind(y) divides d. Indeed, the reduced divisor D C E 
comprising the multiples of x G -E defines a G-invariant divisor of degree d in E' , 
hence an element in Pic''(F/F). 

For the converse, suppose we have a class in Pic'(F/F). It corresponds to an 
invertible Oy-module C of degree I by Lemma fl. II The isomorphism class of the 
induced invertible Oy -module C is invariant under both go and go ° T^, hence 
also under the translation T^. But T* {O e' (c)) — Oe'{c — x) for any rational point 
e G E', so T*{jC') ~ £' implies Ix = 0. In turn, d divides I, and we conclude 



Remark 7.2. The cyclic field extension used above exist. Indeed, if d is prime to 
the characteristic p, the cyclic extensions of degree d correspond to etale cohomology 
H'^{F, Z/dZ) = F*I{F*Y via the Kummer sequence l/dl ^ G™ ^ -> 1. 
If d = p™, they correspond to etale cohomology H^{F,Z/dZ) = F/p{F) via the 
Artin-Schreier sequence ^ Z/p^Z ^ ^ W^™(F) ^ 0, where Wm{F) is 

the sheaf of Witt vectors of length m. In general, decompose d = /p™ with I prime 
to p, and let F' be the subextension inside the maximal abelian extension F C F^^ 
generated by the linearly disjoint cyclic extensions corresponding to I and (0, 
Chapter V, §10, no. 4, Corollary 2 of Theorem 1). 

Now we assemble the desired stable curve: 

Proposition 7.3. There is a geometrically integral stable curve X of genus g over 
the rational function fields F with ind{X) = 2g — 2. 

Proof. Let y be a smooth curve of genus one with ind(y) = 2g~2, as in Proposition 
17.11 By Lemma ll.ll there is an invertible Oy-module C of degree 2g — 2. The 
Riemann-Roch Theorem gives h'^{Y, C) = 2g — 2, hence L comes from an effective 
divisor D d Y oi length 2g — 2. By Bertini's Theorem, the very ample sheaf C 
has a global section so that the corresponding divisor D <ZY \s smooth (see |29| . 
Corollary 6.11). Such a subscheme is necessarily of the form D = Spec(F') for some 
separable field extension F C F' of degree 2g — 2 because ind(y) = deg{C). 



{G,T) = Hom(G,r) ~ Z/dZ. 



ind(r) = d. 



□ 
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Let F <Z F" <Z F' be a subextension of degree g — 1, such that F" C F' has 
degree two. The cocartesian diagram 

Spec(i^') > Y 

1 1 

Spec(F") > X 

defines an integral curve X. The curve X has a single cuspidal singularity, which 
breaks up into g — 1 nodal singularities over the algebraic closure. Therefore X is 
stable and geometrically integral. The exact sequence 

— >Ox — >F" ®Oy — > F' — > 

gives an exact sequence 

H^iOx) F" e H'^iOy) —^F'—. H\X, Ox) — ^ H\Y, Oy) — > 0, 

so h^{X,Ox) = <?. Since Y ^ X is birational, the map Pic(X) Pic(y) is 
surjective, and its kernel consists of numerically trivial sheaves. We conclude that 
ind(X) = ind(r) = 2g-2 holds. □ 

Remark 7.4. Unfortunately, the curve X is not of compact type and contains 
no rational point. It is therefore difficult to analyze specialization of points in the 
Picard scheme of the versal deformation for X. In particular, the indices of curves 
occurring in the versal deformation are hard to control. 

8. Geometrically unibranch singularities 

Our next goal is to find, beside the generic point rjn € Mg^n, other nonclosed 
points X € Mg^n whose curve Cx has the property that the marked section and 
the canonical class generate Pic(Ca;), at least up to torsion. This will occupy the 
remaining sections. But first we have to remove a problem in characteristic p > 0, 
which occurs over and over again, namely: Normality is not necessarily preserved 
under inseparable field extensions. An annoying consequence is, for instance, that 
the Jacobian Pic^^^ of a proper normal scheme X is not necessarily proper. 

In this section we sidestep such problems using geometrically unibranch schemes 
instead of normal schemes. This property is stable under field extensions and, 
as we shall see, almost as good as normality. Recall that a local ring A is called 
geometrically unibranch if it is irreducible, and the normalization A of the reduction 
Aj-cd induces a bijection Spec(A) Spcc(A) whose residue field extension is purely 
inseparable. Equivalently, the strict hensclization A C A^^ is irreducible f|18j. 
Proposition 18.8.15). A scheme is geometrically unibranch if all its local rings are 
geometrically unibranch. The nice thing about such schemes is that we may change 
the structure sheaf Ox as long as the topological space remains the same: 

Lemma 8.1. Let f : X Y be an integral universal homeomorphism of schemes. 
Then Y is geometrically unibranch if and only if X is geometrically unibranch. 

Proof. To check this we may assume that X = Spec(i?) and Y = Spec(^) are 
local. We have B^^ = B ®a A^"^ according to JSj, Proposition 18.8.10 and Remark 
18.8.11. Hence A^"^ is irreducible if and only if B^"^ is irreducible, because A ^ B 
is a universal homeomorphism. In turn, A is geometrically unibranch if and only if 
B is geometrically unibranch. □ 
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Let US now consider Jacobians. Surely, Jacobians of geometrically unibranch 
proper schemes may be nonproper. However, things are not too bad: 

Proposition 8.2. Let X be proper F-scheme in characteristic p > 0. If X is 
geometrically unibranch, then there is an integer n > such that the schematic 
image of the multiplication map [p"] : Pic'j^^p —> Pic^^^ is proper. 

Proof. Let Hn C Picxfp be the image of the multiplication map [p"]. Being the 
image of a homomorphism of algebraic group schemes, the embedding Hn C Pic'^/p 
is closed by Expose VI_b, Proposition 1.2. 

Note that we may replace the ground field F by its algebraic closure F. Indeed, 
the scheme X = X ® F is geometrically unibranch by Proposition 6.15.7. 
Moreover, the image Hn of the multiplication map [p"] on Pic^f/p- is proper if and 
only if the induced image Hn ~ Hn <E) F is proper, according to Expose VIII, 
Corollary 4.8. 

Next, let X ^ X be the normalization of X^^d- The X is geometrically normal, 
hence Pic*^^^ is proper by EDI, Theorem 2.1. Let X ^ X^p") be the m-fold 
relative Frobenius map, which is a finite universal homeomorphism. It admits a 
factorization 

X — >X — > l^p") 

for some m > by 1^21, Proposition 6.6, because X ^ X is a, finite universal 
homeomorphism. Applying this result again, this time to the finite universal home- 
omorphism X X^P \ we obtain a factorization 

X — > 

for some n > 0. Consequently, the image of Pic'^(pm)^^ in Picx/p contains the 
image of Pic^(pn) which is nothing but i?„. Using that X'-p ^ is normal, we 
conclude that iJ„ is proper. □ 

The next result tells us that geometrically unibranch schemes behave well in 
families: 

Proposition 8.3. Let S be an integral noetherian scheme in characteristic p > 0, 
and f : X ^ S a morphism of finite type whose generic fiber X^ is geometrically 
unibranch. Then there is a nonempty open subset U C S such that all fibers X^, 
s € U are geometrically unibranch. 

Proof. Using generic flatness (221, Theorem 11.1.1), we may replace S by an open 
subset and assume that / is flat. By the usual limit argument, there is a finite 
morphism X' X such that X',^ Xj^ coincides with the generic fiber of the 
normalization for Xj-od- By assumption, X'^ X,j is a universal homeomorphism, 
hence its geometric fibers are connected. According to ^7], Proposition 15.5.1, 
the whole map X' ^ X has geometrically connected fibers, hence is a universal 
homeomorphism. We may replace X by X' and assume that X^ is normal. 

Next, we define for each integer n > a scheme Xn as follows. The underlying 
topological space for Xn is the underlying topological space for AT. If C A is an 
affine open subset, we set 

r(vu, OxJ = r(w^, Ox) n Q(LP"). 

Here Q is the function field of S and L is the function field of A. Then each 
{Xn)ri is a normal scheme and the projection morphisms A„ S are proper. 
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The descending sequence of fields L D D . . . defines a sequence of universal 
homeomorphisms Xq — * Xi — > . . . with Xq = X. 

According to ^j, Theorem f , there is an integer n > such that the geometric 
fiber Yjj oiY = X„ is geometrically normal over Q. By ^7\, Theorem 12.2 A, the set 
W CY oi geometrically normal points is open. According to Chevalley's Theorem 
f^fUj. Theorem 7.f .4), the image f{W) C 5* is constructible. We have rj e f{W) by 
construction. Being constructible, the set f{W) contains a nonempty open subset 
U C S. The fibers Yg, s £ U are geometrically unibranch. S ince Xg — > Y^ is a 
finite universal homeomorphism, we may apply Lemma l8.fl and conclude that the 
Xg, s G U are geometrically unibranch as well. □ 

The other direction holds as well: 

Proposition 8.4. Let S be an integral noetherian scheme, and f : X ^ S a 
morphism of finite type whose generic fiber X^ is not geometrically unibranch. Then 
there is a nonempty open subset U (Z S such that all fibers Xg, s G U are not 
geometrically unibranch. 

Proof. Clearly, we may assume that S is affine and that X is reduced. Like in the 

proof for Proposition 18. 31 there is a finite morphism X' ^ X such that X^ 

is the normalization. Shrinking S, we may assume that the fibers X'^ have no 

embedded component by ^2], Proposition 9.9.2. According to ^Z], Corollary 9.7.9, 

the set Z C X over which the geometric fibers oi X' X are not connected is 

constructible. Replacing X by some open subset, we may assume that Z C X is 

closed. 

The set X E X where codima;(Zj^(3,), Xjj^,)) = is constructible by ^7], Propo- 
sition 9.9. f, and disjoint from X^,. By Chevalley's Theorem, there is a nonempty 
open subset U C S such that codimj;(Zj(2.), > holds for all x £ f^^{U). 

In other words, Z^ contains no generic point from Xs for s £ U. We infer that the 
fibers Xs are not geometrically unibranch for s £ U. □ 

Remark 8.5. In Grothendieck's terminology, the preceding two result tell us that 
the property of being geometrically unibranch is constructible (compare |17| . Def- 
inition 9.2.1). It then follows from Corollary 9.2.4, that given any morphism 
f : X ^ S oi finite presentation, the set E C S oi points whose fiber Xt is geomet- 
rically unibranch is locally constructible. 

Now suppose X be a proper _F-scheme. Recall that the Neron-Severi group 
scheme is the quotient NSx/f = Picx/_F /Picx/F- This is an etale group scheme 
over F, whose points are given by finite separable field extensions ( 24 , Expose 
VIa, 5.5). Its group of rational points is denoted by NS{X/F), which is a finitely 
generated abelian group ('25', Expose XIII, Theorem 5.1). The Neron-Severi group 
is the subgroup NS(X) generated by Pic(X). 

Lemma 8.6. The inclusion NS(A") C NS{X/F) has finite index. 

Proof. Fix a rational point z £ NS{X/F). The corresponding connected component 
T C Picx/F is a torsor under J — Picj^/p, and we have to show that its order in 
H^{k, J) is finite. Indeed, then T" contains a rational point x for some n > 0, and 
mx comes from an invertible sheaf for some m > because Br(F) is torsion. 

Let C F' be some finite field extension such that T' = T ® F' acquires a 
rational point y. Passing to some multiple, we may also assume that y comes from 
some invertible sheaf M . 
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First, consider the special case that F' is separable. Then we may assume that 
F' is Galois as well, say with Galois group G. Then ^g^Qg*M is a G-invariant 
invertible sheaf whose rational point lies on T'", hence descends to the desired 
rational point x g T". 

Next, consider the special case that F' is purely inseparable. Then the projection 
X' — X ® F' ^ X is & finite universal homeomorphism of F-schemes, so we have a 
factorization X' ^ X X''-^"^ for some n > 0. It follows that comes from 

the invertible Ox-module C = M'^p"'>\X'. 

The general case follows from the special cases, because any finite field extension 
is given by a purely inseparable extension followed by a separable extension. □ 

Proposition 8.7. Let f : X —* Y be a universal homeomorphism of proper F- 
schemes in characteristic p > 0. Then kernel and cokernel of the induced map 
NS(y/i^) — > NS(X/i^) are finite p-groups. In particular, we have p{Y) = p{X). 

Proof, y |22|, Proposition 6.6, we have a factorization X ^ Y ^ X'^p ^ for some 
n > 0. Observe that the cartesian diagram 

> X 

Spec(F) > Spec(F). 

induces a bijection NS{X/F) NS(X(p")/F). This is because Fr" is a universal 
homeomorphism, and sections for the etale scheme NSx/_f correspond to points 
I € NSx/_F such that SpecK(^) — > Spec(F) is a universal homeomorphism (T^, 
Corollary 17.9.3). It follows that kernel and cokernel of NS(X(p")/F) ^ NS(X/F) 
are p-groups. Hence the cokernel of NS{Y/F) NS{X/F) is a p-group. 

Finally, suppose L g NS(F/F) vanishes on X. As above, there is a factorization 
Y ^ y(p'") for some m > 0. Then p"^L comes from a point M S 

NS(X(P")/F), and p"M vanishes on X. It follows that some p-power annihilates 
L. □ 

Remark 8.8. The preceding result does not hold in characteristic zero. To see an 
example, set X — P^, such that Pic{X) — "L. According to ^T], Exercise 5.9 on page 
232, there is a first order infinitesimal extension X (ZY with ideal Ox (—3) = cjx 
such that Pic(r) = 0. 

9. PiCARD NUMBERS IN FAMILIES AND HiLBERT SETS 

Let S' be a scheme and / : A — > 5 a proper morphism. How do the Picard 
numbers p{Xs) vary in this family? The function s i— > piXg") can be very nasty. 
To explore its nature we need the notion of Hilbert sets. Suppose for simplicity 
that S is integral and noetherian. Let T be an integral scheme and T — > 5* an 
etale dominant morphism of finite type. The generic fiber is an integral scheme 
given by a finite separable field extension of nirf). We define Ht C 5 as the set of 
all points s ^ S where the fiber Tg is integral and nonempty. A subset H C S is 
called a separable Hilbert set if there are finitely many — > 5, 1 < i < n as above 
with H = n . . . n Ht^ . Clearly, open sets are separable Hilbert sets. Moreover, 
separable Hilbert subsets are stable under generization. 
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Usually, Hilbert sets are defined in terms of irreducible polynomials. They occur 
in Galois theory in connection with Hilbert's Irreducibility Theorem. The latter 
states, in its original form, that an irreducible polynomial P{T,X) G Q[T,X] re- 
mains irreducible for infinitely many rational specializations T = a/b. Hilbert sets 
are studied in detail in jjl]. Chapter 11 and 12. Our definition follows Lang |M| 
and Serre |47j . which is better suited for algebraic geometry. For example, Hilbert 
sets are closely related to Neron-Severi groups: 

Proposition 9.1. Let S be an integral noetherian scheme, rj ^ S its generic point, 
and f : X S a proper morphism. Then there are countably many nonempty 
separable Hilbert subsets Hi C S such that p{Xs) = p{Xr^) for all s € Cl^i- 

Proof. Replacing S by some nonempty open subset, we may assume that the relative 
Picard functor Picx/s is representable by a scheme, according to Expose XH, 
Corollary 1.2. After shrinking S further, we may also assume that there is a group 
scheme J — > 5 of finite type, together with an open embedding J C Picx/s, such 
that Js = Pic^^/g for all s G S*. This holds by jJHlj Lemma 1.2. By generic flatness, 
we may also assume that J ^ S" is flat. 

Consider the group scheme NSx/s- By Chow's Lemma, there is a projective 
surjective morphism X' ^ X such that the composite map f : X' ^ S is projec- 
tive. Shrink S so that NS^'/s is representable by a group scheme. Then NS^'/s 
contains only countably many irreducible component. Indeed, this follows from 
the existence of the Hilbert scheme (see jH), Chapter 8, Theorem 5). Using that 
Picx/s ~^ Picjsf'/s is of finite type Expose XIII, Theorem 3.5), we conclude 

that NSjf/s has only countably many irreducible components as well. 

Let Ai C NSx/s be such an irreducible component. If — > is not dominant, 
choose a nonempty open subset Hi C S disjoint from the image of Ai. U Ai ^ S 
is dominant, let Ui C S he an open subset over which Ai becomes flat, hence etale, 
and let Hi C Ui be the corresponding Hilbert subset. 

Then H = f] Hi is the desired countable intersection of Hilbert subsets. Indeed, 
for each s € H, the points a g NS(Xs/s) correspond to the points b e NS{Xfj/r]) 
via some dominant irreducible component Ai. Moreover, a is rational if and only 
if b is rational. In other words, we have constructed a bijective specialization map 
NS(X^/77) ^ NS{X,/s) and conclude p{X,) = p(X^). □ 

How do countable intersections of Hilbert sets look like? There seems to be no 
general answer. However, over certain ground fields we can say more; 

Lemma 9.2. Let k be an uncountable field, k <Z F a finitely generated field ex- 
tension of transcendence degree > 1, and S an integral F -scheme of finite type of 
dimension n > 1. Then any countable intersection p| Hi of nonempty separable 
Hilbert subsets Hi C S contains uncountably many closed points. 

Proof. We may assume that S = Spec(i?) is affine. Let i? C Q be the field of 
fractions. Replacing F by its perfect closure in Q and shrinking S, we may assume 
that S is geometrically reduced. Clearly, we may assume that our separable Hilbert 
subsets Hi C S are given by etale morphisms Ti — > S. 

Next, we reduce the problem to a special case. Choose a separating transcen- 
dence basis ti,. . . ,tn G Q over F. Shrinking S, we obtain a separable morphism 
f : S Ap. Choose nonempty open subsets T/ C Ti so that the composition 
T- Ap is etale, and let H- C be the corresponding separable Hilbert subsets. 
Then f^^{H'i) C Hi, and we see that it suffices to treat the special case S = Ap. 
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We now proceed by induction on n > 1. First, suppose S = Ap. According to 
Theorem 12.9, there are nonempty open subsets Ui C A| with 

{a + tb\a,be Ui(k)} C Hi. 

Since k is uncountable, the countable intersection P| Ui contains uncountable many 
rational points (choose a line not contained in any — Ui). Consequently f]Hi 
contains uncountable many rational points as well. 

Now suppose the result is already true for n > 1. Let F' be the function field of 
A^, and consider the projection A^"*"^ A^. Its generic fiber is isomorphic to the 
affine line Ap,. Set H = f]Hi. We just saw that the intersection H n Ap, contains 
a rational point z € A]p,. Its closure S' C A^"*"^ is n-dimensional. Applying our 
preliminary reduction and the induction hypothesis, we conclude that H = Hi 
contains uncountably many closed points. □ 

Remark 9.3. Under the additional hypothesis that S is geometrically reduced, 
the preceding proof shows that there are uncountably many closed points s G H Hi 
whose residue field extension F C k{s) are separable. 

Summing up, we obtain the following result about families of Neron-Severi 
groups: 

Theorem 9.4. Let k be an uncountable field, k <Z F a nonalgebraic finitely gen- 
erated field extension, S an integral F -scheme of finite type of dimension at least 
one, and f : X ^ S a proper morphism. Then there are uncountably many closed 
points s Cz S with p{Xs) — p{X,-i). 

Proof. Combine Proposition 19 . 1 1 and Lemma [9. 21 □ 

The situation simplifies if we look at Picard numbers of geometric fibers Xg — 
X (g) k{s) instead of schematic fibers Xg. More precisely: 

Theorem 9.5. Let S be an integral noetherian scheme and f : X S a proper 
morphism. Then there are countably many nonempty open subsets Ui d S such 
that p{Xs) = piXfj) for all s € C\Ui. 

Proof. As in the proof for Proposition l9.1l we reduce to the case that Pic^/s and 
J C Picjjf/s are representable by group schemes, and set NSx/s — Picjc/s /J- Fo^' 
each irreducible component Ai C NSj^/Si choose a nonempty open subset Ui G S 
over which Ai is finite and flat. Then P| Ui is the desired countable intersection of 
open subsets. 

To see this, fix a point s G C\Ui. Let R — Os,s be the corresponding local 
ring, F = k(s) its residue field, F C F^'^p a separable closure, and R C R^^ be 
the corresponding strict henselization. Then Ai (g) R is etale over R, and Ai (g) R^^ 
decomposes into disjoint sections by j^. Proposition 18.5.19. We conclude that 
NS(X (g) F'"=P/F'"'P) is canonically isomorphic to NS(X (g) Q/Q), where Q is the 
function field of R''^. The canonical mappings NS(A: (g> F'^'^p / F'^'^p) NS{X ® F) 
and NS(X Q/Q) NS{X Q) are obviously bijective, so p{Xg) = p{Xfj). □ 

10. FiBERED SURFACES WITH SMALL PiCARD NUMBER 

Fix an uncountable algebraically closed ground field k. The task now is to con- 
struct fibered surfaces with small Picard number defined over small transcendental 
extension fields k C F. The Tate-Shioda formula then implies that their generic 
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fibers have small Picard group as well. The upshot is that there is a dense set of 
points X G Mg.„ with dim {a;} < 2 such that the marked points and the canonical 
class of the corresponding curve Cx generate Pic(Ca;) ® Q. 

We start with some notation. A surface over is a proper 2-dimensional F- 
scheme Y with T{Y,Oy) ^ F. A fibration on a surface Y is curve B together 
with a proper morphism f : Y B satisfying Ob — /♦(Oy)- The Tate-Shioda 
formula relates the Picard number p(Y) of a fibered surface with the rank of the 
Mordell-Weil group of the generic fiber (confer [SD] and |48|'): 

Proposition 10.1. Let Y be a normal surface whose singularities are Q-factorial, 
and f : Y ^ B be a fibration. The we have 

piY) - rankPic°(y^)/Pic°(r) = 2 + ^(p(y5) - 1). 

beB 

Proof. The intersection form is negative semidefinite on the group of Weil divisors 
supported by a given fiber f^^{b) C Y, and the fiber f~^{b) generates the radical 
over Q. Consequently, the vertical Weil divisors generate a subgroup of rank 1 + 
J^beB^PO^b) — 1) inside the Neron-Severi group. 

Next, choose a horizontal curve H C Y. Given any Weil divisor C, we may 
subtract a suitable rational multiple of H until has degree zero. Since Pic(F) — > 
Pic(F^) has finite cokernel, we conclude that the horizontal Weil divisors generate 
a subgroup of rank 1 +rankPic°(y;,)/Pic°(F) inside the Neron-Severi group. This 
easily implies the formula. □ 

This formula often allows us to control the rank of the Jacobian Pic°(y^) in 
terms of the Picard number p{Y). 

Now fix an integer n > and a genus g > 2, and let X be an n-pointed stable 
curve of genus g over k. For simplicity, we also assume Aut(X) = 0. Then the 
closed point x G Mg^n corresponding to X lies in the smooth locus • As in the 
proof of ProDOsition KllI we blow up the center x G Mg^„ and localize at the generic 
point of the resulting exceptional divisor. This produces a discrete valuation ring A 
whose residue field F = A/mA is a purely transcendental field extension of degree 
3(7 — 4 + n, and whose field of fractions A C Q is the function field of the moduli 
space Mg^n- 

Write F — k{ti) for some transcendence basis ti € F, and choose lifts ti G A. 
We obtain an inclusion k[ti] C A, and in turn a lift F C A. Then F C Q is a 
finitely generated field extension of transcendence degree one, which corresponds 
to a proper normal curve B over F. The discrete valuation ring A C Q defines a 
rational point bo G B, hence F — r(_B,C's), and B is geometrically integral. The 
tautological curve C Mg^n defines a fibered regular surface f : Y B. By 
construction, we have f~^{bo) — X ® F and f~'^{ri) — Cn- To apply the Tate- 
Shioda formula, we have to ensure the following: 

Lemma 10.2. Suppose the normalization X of X has only rational components. 
Then the canonical map Pic'^(y) Pic'^(y^) vanishes. 

Proof. Let F C be an algebraic closure. The normalization Y oiY — Y ® F 
is geometrically normal, so Vic^jp is proper by [20], Theorem 2.1. Moreover, it 
contains a unique abelian subscheme with the same underlying topological space 
by 1201, Corollary 3.2. Its dual abelian variety is the Albanese variety Alb^, The 
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resulting morphism Y Alby^^ factors over B, because the normalization of X 
has genus zero. 

According to Expose XII, Corollary 1.5, the map Picy^p Pic^^^ is afEne. 
It follows that the cokernel of Pic^^p Picy^^ is afhne. Using that Picy^y^ is 
abelian, we infer that the map Picy^j;, Picy^/^ factors over the origin, hence 
Pic°(r) Pic°(r^) vanishes. □ 

From now on, we shall assume that the normalization of X has only rational 
components. Then Theorem 15. II together with the Tate-Shioda formula gives 

p(r)-(n + l) = 2 + ^(p(n)-l). 

beB 

We now use this formula to specialize Y and maintain control over Pic(y^). Recall 
that ti € F, 1 < i < 35 — 4 + n is a transcendence basis over k. Consider the 
rational function field L — fc(ii). Then we may view L C as the function field of 
P^^^^"*"". Our _F-schemes X and B extend to proper flat morphisms ^T) —^ S and 
^ S, respectively, over some open subsets 5 C p^ff-^+n^ Shrinking S, we also 
have a morphism / : 2) ^ ^ such that C'<b — > /^(Otg) is bijective, and remains 
bijective after any base change. Let 2),,^ C 2)s be the generic fiber of the induced 
fibration 2)s ^ ^s- 

Proposition 10.3. There is an uncountable dense subset of closed points s £ S 
such that 2)i)s "is a stable n-pointed curve of genus g, and that the marked points 
and the canonical class generate Pic(2)i;a) 

Proof. Replacing S by some nonempty open subset, we may assume that the fol- 
lowing holds: First, the fibers of 2) ^ S" and ^ ^ S are geometrically integral by 
[T7| . Theorem 9.7.7, and geometrically unibranch by Proposition 18. 31 Second, the 
maps Pic^js — > Picgj^j, factor over the origin for almost all closed points b € Ss. 
It then follows that Pic'^(2)s) Pic^ {^Qri^) vanishes. Third, the generic fibers 2)»)3 
are n-pointed smooth curves of genus g. 

By Theorem 19. 41 there are uncountably many closed points s G S" with p(2}s) = 
p(Y). Let 2)s — * ?)s be the normalization and 2)s ^ 2)s a resolution of singularities. 
Then 2)s is a fibered surface with generic fiber 2)^^ = 2)^^. We have p(2)s) = p(2)s) 
by Proposition 18.71 The Picard number p(2)s) of the desingularization is usually 
larger. However, any additionally classes lie in the fibers of SJls ^s- The Tate- 
Shioda formula therefore implies that Pic(F^) and Pic(2),,J have the same rank. 
Recall that Y^j is the generic n-pointed curve of genus g. Using Theorem 15.11 we 
infer that the canonical class and the marked points generate Pic(2)i)^) ® Q. □ 

We come to the second main result of this paper: 

Theorem 10.4. Let k be an uncountable algebraically closed field. Then there 
is an uncountable dense set of points x G Mg,n with dim {x} < 2 such that the 
canonical class and the marked sections generate Pic(Ca;) O Q, where Cx is the 
curve corresponding to the point x G Mg^n- 

Proof. Consider the family 2) — > 05 of fibered surfaces over S constructed in Propo- 
sition inOl We then have a rational map 05 Mg^n ® L whose image is a divisor, 
because the composition 05 ---> Mg^n is dominant. After shrinking S', we find an 
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open subset il C 53 whose fibers over S are nonempty, such that H Mg^n (S) L is 
everywhere defined and quasifinite. This is because dim(*B) = dim(AIg^n) ~ 1- 

Consider the uncountable dense set of points s d S from Proposition 110. Jl such 
that Pic(Xr,^ ) Q is generated by the canonical class and the marked sections. Let 
X G Mg_„ be the images of the points rjs G 5B. By construction, the residue fields 
k{x) have transcendence degree < 2 over k. Hence the x G Mg^n constitute the 
desired uncountable dense subset. □ 

11. Open problems 
We close the paper by listing some open problems: 

(1) Theorem 1 1 . 41 states that the marked points and the canonical class generate 
Pic(C2;). If I G Pic(Ca;/a;) is a rational point, what denominators are necessary to 
write I as a linear combination of the canonical class and the marked points? Is it 
sufficient to allow powers of the characteristic exponent p > 1 as denominators? 

(2) Is it possible to choose a dense set of nonclosed points x G Mg^n as in Theorem 
110.41 so that all closures {x} are 1-dimensional? This seems to rely on improved 
versions of Hilbert's Irreducibility Theorem for prime fields. 

(3) Can we say more about the structure of countable intersections of nonempty 
Hilbert sets in Theorem 19.41 ' Obviously, we cannot expect such sets to have a 
reasonable algebraic structure. Is it possible to write such sets as a countable union 
of sets with some sort of algebraic structure? 

(4) Docs the Strong Franchetta Conjecture generalize to other moduli problems, 
and if so, in what form? What about polarized abelian varieties, or surfaces of 
general type, or canonically polarized varieties of higher dimensions? For example, 
Silverberg showed that generic complex abelian varieties have finite Mordell- 
Weil groups. 
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